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Lecture 18

We sketch a proof of Theorem 1 of Bishop, p.25. This is theorem 2.19 of Bishop & Bridges
p.27.

Theorem: Let {an} be a sequence of real numbers, and let x0 < y0 be reals. Then we can
find a real number x such that:

(A) x0 ≤ x ≤ y0 and

(B) x 6= an for all an

Proof
We construct x in stages, at stage n we set up the condition to guarantee that x 6= an by
our choice of the nth approximation to x, call it xn. The way we construct xn is to use two
converging approximations, the second one is yn. We will ensure that {xn} = {yn}.

The construction maintains three invariants

(i) x0 ≤ xn ≤ xm < ym ≤ yn ≤ y0, for m ≥ n ≥ 1

(ii.) xn > an ∨ yn < an for all n ≥ 1

(iii.) yn − xn < 1
n

We see that the idea is to “squeeze in on x” from two sides, the x side and the y side,{
xm < ym for all m and

yn − xn < n−1 for all n.

The xn are increasing and the yn decreasing.

The basic construction process is to build x up from x0 as x0 < x1 < x2 < ... and down from
y0 as ...y2 < y1 < y0. So we have the pattern x0 < x1 < x2 < ... < y2 < y1 < y0.

Now we use the sequence of rationals to drive the construction. If no ai lies in x0 ≤ ai ≤ y0,
then we converge to the middle, but we don’t know that as we go, we just locate the ai as
we go. For any ai we know from Lecture 17, the Corollary to Bishop & Bridges Prop 2.16
that

x0 < ai or ai < y0

x1 < ai or ai < y1

...
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So now we use this criterion to pick the xi and yi

1. If an > xn−1

let xn be any rational in
xn−1 < xn < min{an, yn−1} and yn any rat
xn < yn < min{an, yn−1, xn + 1

n
}

2. If an < yn−1

let yn be any rational
max{an, xn−1} < yn < yn−1 and xn any rat
max{an, xn−1, y − 1

n
} < xn < yn

It is easy to see that these criterial allow us to prove (A) and (B). The details are in Bishop
& Bridges, page 27. �

We now show that the famous intermediate value theorem is constructively false in its most
general form.

x

y

1

f

f is continuous

∀f : [0, 1]→ R.(f(0) < 0 & f(1) > 0⇒ ∃z : [0, 1].f(z) = 0)

We rely on our previous discussion in Lecture 17 that we can’t decide for an arbitrary real
number a whether it is less than 0, a < 0, equal to 0, a = 0, or greater than 0, a > 0.

Consider this construction:

y

x

-1

1

1/3 2/3 1

Let’s look at the principle of Brouwer’s that caused Bishop to write his witty remark
that:

“Brouwer feared that the continuum would turn out to be discrete unless he
personally intervened to prevent it” (quote from page 6)

We will look at Bishop’s philosophy a bit more as well.
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• Number is primary, page 2.

• The constructions by which we ascend from numbers to higher levels are also important.

• Sets exists only when defined, that requires

– how to construct elements

– say when two elements are equal

• Functions are given by finite routines (algorithms) that take equal elements to equal
elements. At some points we need operations, those need not respect equality.

• “Every math start ultimately expresses the fact that if we perform certain computations
within the set of positive integers, we get certain results.”

• We must deal with hypothetical entities from the start.

• Even the most abstract math statement has a computational basis.
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